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1. Introduction
Recall [8, Chapter XIII] and [16, Chapter IV] that a function f is said to be completely monotonic on an interval I if f has
derivatives of all orders on I and
(−1)kf (k)(x) ≥ 0 (1)
for x ∈ I and k ≥ 0. The set of all completely monotonic functions on I is denoted by CM(I).
Recall also [1,12] that a positive function f is said to be logarithmically completely monotonic on an interval I if its
logarithm ln f satisfies
(−1)k[ln f (x)](k) ≥ 0 (2)
for k ∈ N on I. The class of all logarithmically completely monotonic functions on I is denoted by LCM(I).
For any given interval I, it was proved explicitly in [2,9,12,14] that
LCM(I) ⊂ CM(I), (3)
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among other things. For more information on the class of logarithmically completely monotonic functions, please refer to
[2,4,6,9,11,13] and related references therein.
It is well known that the classical Euler gamma function is defined and denoted for x > 0 by
Γ(x) =
∫ ∞
0
tx−1e−tdt. (4)
The logarithmic derivative of Γ(x), denoted by
ψ(x) = Γ
′(x)
Γ(x)
, (5)
is called the psi function, and ψ(k)(x) for k ∈ N are called the polygamma functions.
For a ≥ 0 and b, c, r ∈ R with r 6= 0, define
fa,b,c,r(x) =
[
x
√
Γ(x+ 1)
xc
(
1+ a
x
)x+b]r
(6)
in x ∈ (0,∞) , R+.
In [12], it was proved that f0,b,c,1 ∈ LCM(R+) if c ≥ 1.
In [13], it was showed that f1,0,1,1 ∈ LCM(R+).
In [5], necessary and sufficient conditions on c for f1,0,c,1(x) or its reciprocal to be logarithmically completely monotonic
in R+ were presented: f1,0,c,1(x) ∈ LCM(R+) if and only if c ≥ 1 and f1,0,c,−1(x) ∈ LCM(R+) if and only if c ≤ 0.
In [15], a sufficient condition on b such that f1,b,1,1(x) ∈ LCM(R+)was obtained.
In [10], some more general results are established: If 2a ≤ 3b ≤ −3c, then fa,b,c,1(x) ∈ LCM(R+); If 2a ≤ 3b and
1+ 2b+ c ≥ 0, then fa,b,c,−1(x) ∈ LCM(R+).
In this article, a necessary condition such that fa,b,c,r ∈ CM(R+) and several sufficient conditions and a sufficient and
necessary condition such that fa,b,c,r ∈ LCM(R+)will be established, which extend some known results mentioned above.
Our main results are as follows.
Theorem 1. If fa,b,c,r ∈ CM(R+), then rc ≥ max{r,−br sgn(a)}.
Theorem 2. Let r > 0.
(1) If b ≤ a and c ≥ 1+ 2a− b, then fa,b,c,r ∈ LCM(R+);
(2) If b > a and c ≥ 1+ 2a− b+ (b− a) exp( a
a−b ), then fa,b,c,r ∈ LCM(R+).
Theorem 3. Let r < 0.
(1) If b ≤ 2a and c ≤ −2a, then fa,b,c,r ∈ LCM(R+);
(2) If b > 2a and c ≤ −b, then fa,b,c,r ∈ LCM(R+).
Theorem 4. When r < 0, a > 0 and b > 2a, the sufficient and necessary condition for fa,b,c,r ∈ LCM(R+) is c ≤ −b.
2. Lemmas
In order to show our theorems, the following lemmas are necessary.
Lemma 1 ([3,7]). For n ∈ N and x ∈ R+,
ψ(n)(x) = (−1)n+1
∫ ∞
0
tn
1− e−t e
−xtdt, (7)
ψ(n−1)(x+ 1) = ψ(n−1)(x)+ (−1)
n−1(n− 1)!
xn
, (8)
1
xn
= 1
Γ(n)
∫ ∞
0
tn−1e−xtdt. (9)
Lemma 2 ([7]). As x→∞,
lnΓ(x) =
(
x− 1
2
)
ln x− x+ ln(2pi)
2
+ O
(1
x
)
, (10)
ψ(x) = ln x− 1
2x
+ O
( 1
x2
)
. (11)
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Lemma 3. Let
φa,b,c,r(x) = r
[
ψ′′(x)+ 2
x3
+ b+ c
x2
− 2
x
+ 2a(a− b)
(x+ a)3 +
2a− b
(x+ a)2 +
2
x+ a
]
(12)
for x ∈ R+, then
φa,b,c,r(x) = r
∫ ∞
0
ρa,b,c(t)te−xtdt, (13)
where
ρa,b,c(t) = b+ c− a(b− a)t + b− 2aeat −
2(1− e−at)
t
− t
et − 1 . (14)
Proof. Using formulas (7) and (9) in Lemma 1 gives
φa,b,c,r(x) = r
[
−
∫ ∞
0
t2e−xt
1− e−t dt +
∫ ∞
0
t2e−xtdt + (b+ c)
∫ ∞
0
te−xtdt
− 2
∫ ∞
0
e−xtdt + a(a− b)
∫ ∞
0
t2e−(x+a)tdt + (2a− b)
∫ ∞
0
te−(x+a)tdt + 2
∫ ∞
0
e−(x+a)tdt
]
= r
∫ ∞
0
[
b+ c− a(b− a)t + b− 2a
eat
− 2(1− e
−at)
t
− t
et − 1
]
te−xtdt.
Lemma 3 is proved. 
3. Proofs of the theorems
Now we are in a position to prove our theorems.
Proof of Theorem 1. Taking logarithm and differentiating directly yield
ln fa,b,c,r(x) = r
[
(x+ b) ln
(
1+ a
x
)
+ lnΓ(x+ 1)
x
− c ln x
]
(15)
and
[ln fa,b,c,r(x)]′ = r
[
ln
(
1+ a
x
)
− a(x+ b)
x(x+ a) +
xψ(x+ 1)− lnΓ(x+ 1)
x2
− c
x
]
. (16)
If fa,b,c,r ∈ CM(R+), then
[fa,b,c,r(x)]′ ≤ 0, x ∈ R+. (17)
Hence
x[ln fa,b,c,r(x)]′ ≤ 0, x ∈ R+. (18)
Combination of (16) and (18) leads directly to
r
[
x ln(a+ x)− x ln x− a(x+ b)
x+ a − c+ψ(x+ 1)−
lnΓ(x+ 1)
x
]
≤ 0, x ∈ R+. (19)
Since the limit of the left-hand side of (19) as x→ 0+ is r[−b sgn(a)− c], it follows clearly that
rc ≥ −br sgn(a). (20)
On the other hand, utilization of Lemma 2 in (19) as x→∞ gives
r
[
x ln
(
1+ a
x
)
− a(x+ b)
x+ a − c+ 1−
ln(x+ 1)
2x
+ O
(1
x
)]
≤ 0. (21)
Since the limit of the left-hand side of (21) as x→∞ is r(1− c), it is deduced apparently that
rc ≥ r. (22)
Combining (20) and (22) yields
rc ≥ max{r,−br sgn(a)}. (23)
The proof of Theorem 1 is complete. 
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Proof of Theorems 2 and 3. For n ≥ 2, differentiating and induction yield
[ln fa,b,c,r(x)](n) = r
{
n−1∑
k=0
(
n− 1
k
)
(−1)kk!
xk+1
ψ(n−k−1)(x+ 1)
+ (−1)n(n− 2)!
[ 1
(x+ a)n−1 −
1
xn−1
]
+ (−1)n−1(n− 1)!
[
b− a
(x+ a)n −
b
xn
]
−
n−1∑
k=0
(
n− 1
k
)
(−1)k(k+ 1)!
xk+2
ψ(n−k−2)(x+ 1)+ (−1)n(n− 1)! c
xn
}
= r(−1)n(n− 2)!
[
(n− 1)(b+ c)− x
xn
+ (n− 1)(a− b)+ (x+ a)
(x+ a)n
]
+ rθn(x)
xn+1
, (24)
where
θn(x) =
n∑
k=0
(−1)n−kn!xkψ(k−1)(x+ 1)
k! (25)
with
ψ(−1)(x+ 1) = lnΓ(x+ 1) and ψ(0)(x+ 1) = ψ(x+ 1).
It is easy to see that
θ′n(x) = xnψ(n)(x+ 1). (26)
Eq. (24) can be written as
(−1)nxn+1[ln fa,b,c,r(x)](n) + (−1)n+1rθn(x) = r(n− 2)!
{
(n− 1)(b+ c)x− x2 + x
n+1[(n− 1)(a− b)+ (x+ a)]
(x+ a)n
}
. (27)
Let
gn(x) = n(n− 1)+ (n− 1)(b+ c)x− 2x
2
xn+1
(28)
and
hn(x) = an(a− b)(n− 1)+ (2a− b)(n− 1)(x+ a)+ 2(x+ a)
2
(x+ a)n+1 . (29)
By induction and for n ≥ 2, it is standard to show that
g′n(x) = −(n− 1)gn+1(x) and g(n−2)2 (x) = (−1)n(n− 2)!gn(x), (30)
h′n(x) = −(n− 1)hn+1(x) and h(n−2)2 (x) = (−1)n(n− 2)!hn(x). (31)
Direct computation along with (26) and formula (8) in Lemma 1 shows that
d
{
(−1)nxn+1[ln fa,b,c,r(x)](n)
}
dx
= (−1)nrxnψ(n)(x+ 1)+ r(n− 2)!
{
(n− 1)(b+ c)− 2x
+ x
n[an(a− b)(n− 1)+ (2a− b)(n− 1)(x+ a)+ 2(x+ a)2]
(x+ a)n+1
}
= rxn
{
(−1)nψ(n)(x+ 1)+ (n− 2)!
[
(n− 1)(b+ c)− 2x
xn
+ an(a− b)(n− 1)+ (2a− b)(n− 1)(x+ a)+ 2(x+ a)
2
(x+ a)n+1
]}
= rxn
{
(−1)nψ(n)(x)+ n!
xn+1
+ (n− 2)!
[
(n− 1)(b+ c)− 2x
xn
+ an(a− b)(n− 1)+ (2a− b)(n− 1)(x+ a)+ 2(x+ a)
2
(x+ a)n+1
]}
= rxn
{
(−1)nψ(n)(x)+ (n− 2)![gn(x)+ hn(x)]
}
. (32)
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Substituting (30) and (31) into (32) reveals that
d
{
(−1)nxn+1[ln fa,b,c,r(x)](n)
}
dx
= (−1)nrxn[ψ′′(x)+ g2(x)+ h2(x)](n−2). (33)
It is easy to verify that
r[ψ′′(x)+ g2(x)+ h2(x)] = φa,b,c,r(x), (34)
where φa,b,c,r(x) is defined by (12). Therefore, combining (13), (33) and (34) yields for n ≥ 2 that
d{(−1)nxn+1[ln fa,b,c,r(x)](n)}
dx
= xn
∫ ∞
0
rρa,b,c(t)t
n−1e−xtdt, x ∈ R+, (35)
where ρa,b,c(t) is defined by (14).
Standard argument shows that for t ∈ R+
0 <
t
et − 1 < 1, (36)
0 ≤ 1− e
−at
t
≤ a, (37)
and
a(b− a)t + b− 2a
eat
∈

[b− 2a, 0], if b ≤ a;(
b− 2a, (b− a) exp
(
a
a− b
)]
, if a < b ≤ 2a;(
0, (b− a) exp
(
a
a− b
)]
, if b > 2a.
(38)
Combining (14) and (36)–(38) gives for t ∈ R+
ρa,b,c(t) >
b− 2a− 1+ c, if b ≤ a;b− 2a− 1+ c− (b− a) exp( a
a− b
)
, if b > a (39)
and
ρa,b,c(t) <
{
2a+ c, if b ≤ 2a;
b+ c, if b > 2a. (40)
From (35), (39) and (40), it can be concluded that for n ≥ 2 and x ∈ R+
d{(−1)nxn+1[ln fa,b,c,r(x)](n)}
dx
> 0 (41)
if one of the following conditions is satisfied:
(1) r > 0, b ≤ a and c ≥ 1+ 2a− b;
(2) r > 0, b > a and c ≥ 1+ 2a− b+ (b− a) exp( a
a−b );
(3) r < 0, b ≤ 2a and c ≤ −2a;
(4) r < 0, b > 2a and c ≤ −b.
From (25) and (27), it is easy to see that for n ≥ 2
lim
x→0+
{
(−1)nxn+1[ln fa,b,c,r(x)](n)
}
= 0. (42)
Considering (41) and (42) gives for n ≥ 2
(−1)n[ln fa,b,c,r(x)](n) > 0, x ∈ R+, (43)
in particular,
[ln fa,b,c,r(x)]′′ > 0, x ∈ R+ (44)
if one of the conditions (1)–(4) is satisfied.
By using Lemma 2 and from (16), it is obtained that
lim
x→∞[ln fa,b,c,r(x)]
′ = 0. (45)
132 S. Guo, F. Qi / Journal of Computational and Applied Mathematics 224 (2009) 127–132
Combining (44) and (45) yields
[ln fa,b,c,r(x)]′ < 0, x ∈ R+. (46)
Consequently, inequality (43) holds for n ∈ N if any of the conditions (1)–(4) is satisfied. The proof of Theorems 2 and 3 is
complete. 
Proof of Theorem 4. The sufficiency follows from conclusion (2) in Theorem 3. The necessity comes from (2) in
Theorem 1. 
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